NON-LEVEL O-SEQUENCES OF CODIMENSION 3 AND DEGREE OF THE 

SOCLE ELEMENTS 



YONG SU SHIN 

Abstract. It is unknown if an Artinian level O-sequence of codimension 3 and type r (> 2) is 
unimodal, while it is known that any Gorenstein O-sequence of codimension 3 is unimodal. We 
show that some Artinian non-unimodal O-sequence of codimension 3 cannot be level. We also find 
another non-level case: if some Artinian algebra A of codimension 3 has the Hilbert function 

H : ho hi ■ ■ ■ hd-i hd ■ ■ ■ hd hd+s, 

s-timcs 

such that hd < hd+s and s > 2, then A has a socle element in degree d + s — 2, that is, A is not 
level. 



1. Introduction 

Let X = {Pi, . . . ,P S } be a set of s distinct points in the projective space ¥ n (k) (where k = k 
is an algebraically closed field). Then Pj «-» pi = (La, . . . , L, in ) C R = k[xo, x\, . . . , x n ] where the 
Lij, j = 1, ... ,n are n linearly independent linear forms and pi is the (homogeneous) prime ideal 
of R generated by all the forms which vanish at Pj. The ideal 

i" = i" x := Pi n • • • n p 8 

is the ideal generated by all the forms which vanish at all the points of X. 

Since R = 0^ o Pj (Rf. the vector space of dimension (*^ n ) generated by all the monomials in 
R having degree i) and / = ®^ -^> we § e t that 

A = R/I = @T= Q {Rilh) = ®T=o^i 

is a graded ring. The numerical function 

Hx(t) = HU(t) := dim fc A t = dim fc R t - dim fe I t 

is called the Hilbert function of the set X (or of the ring A). 
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Given an O-sequence H = (ho, h±, . . .), we define the first difference of H as 

AH = (ho, hi - h , h 2 - hi, h 3 -h 2 ,... ). 

Let h and i be positive integers. Then h can be written uniquely in the form 

/ mA / mj_i\ / m. 

fc= (*) + (*-i) + - + (/ 

where m,j > mf_i > • • • > mj > j > 1. This expansion for h is called the i-binomial expansion of 
/i. Also, define 

{i> _ /mi + 1\ / + 1 \ (mj + 1\ 

and 0<*> = 0. 

It is worth noting that R is a standard graded algebra since R = k[Ri], that is, R is generated 
(as a /c-algebra) by its piece of degree 1. If I is a homogeneous ideal of R, then R/I \s again a 
standard graded /c-algebra. Furthermore, if / has a height n + 1 in i?, then ^4 = i?/J is an Artinian 
A;-algebra, and hence dim& A < oo. Thus we can write A = k © Ai © • • • © A where A 7^ 0. We 
call s the socle degree of A 

We associate to the graded Artinian algebra A a vector of non-negative integers which is an 
(s + l)-tuple, called the h-vector of A and denoted by h(A). It is defined as follows. 

h(A) := (l,dim k A 1 ,...,dim k A s ) = (h ,hi, . . . ,h s ) with h s ^0. 

Moreover, an h- vector (ho, h\, . . . ,h s ) is called unimodal if ho < ■ ■ ■ < ht = ■ • • = he > ■ ■ ■ > h s . 
Let Tx be the graded minimal resolution of R/I% (or X), i.e., 

Fx: -> ^ -» ^ n _! -> ■•• -» ^1 -> -» fl// x -» 0. 
We can write 

7i 

^=0i^(-C*y) 

i=i 

where aiji < < • • • < aj 7l - The numbers ay are called the s/tz/ts associated to R/I\, and the 
numbers are called the graded Betti numbers of R/Ix (° r 

Now, we recall that if the last free module of the minimal free resolution of a graded ring A with 
Hilbert function H is of the form T n = R@(—s) for some s > 0, then Hilbert function H and a 
graded ring A are called level. In particular, if T n = R@(—s) in J-%, then we call X a /ewe/ set 0/ 
points in P n . For a special case, if (3 = 1, then we call a graded Artinian algebra A Gorenstein. 

In [TJJ, Stanley proved that any graded Artinian Gorenstein algebra of codimension 3 is unimodal. 

In fact, he proved a stronger result than unimodality using the structure theorem of Buchsbaum 
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and Eisenbud for the Gorenstein algebra of codimension 3 in _3j. Since then, the graded Artinian 
Gorenstein algebras of codimension 3 have been much studied (see [I], jS], [El, 
In [Q , Bernstein and Iarrobino showed how to construct non-unimodal graded Artinian Gorenstein 
algebras of codimension higher than or equal to 5. Moreover, in [2], Boij and Laksov showed 
another method on how to construct the same graded Artinian Gorenstein algebras. Unfortunately, 
it has been unknown if there exists a graded non-unimodal Gorenstein algebra of codimension 4. 
For unimodal Artinian Gorenstein algebras of codimension 4, it has been shown in ^Hj how to 
construct some of them using the link-sum method. We have also shown in jS] how to obtain some 
of unimodal Artinian Gorenstein algebras of any codimension n (> 3). 

For graded Artinian level algebras, it has been recently studied (see, pQ, |2J, [S], [S]). Since every 
graded Artinian Gorenstein algebra of codimension 3 is unimodal, the following question in jS] is 
quite interesting. 

Question 1.1. Is any level O-sequence of codimension 3 unimodal (Question 4.4, 6 )? 

In jS], we proved the following result. Let 
(1) H : h hi ■ ■ ■ h d _x h d h d ■■■ 

with hd-i > hd- If hd, < d + 1 with any codimension hi, then H is not level (see Proposition [2^). 

The goal of this paper is to find an answer to Question II . II and we give an answer to this question 
under a certain condition. In fact, it suffices to find an answer to the following Question 11.21 (see 
Corollary EU). 

Question 1.2. Let H be an O-sequence as in equation Q with codimension 3. Is H NOT level? 

As we mentioned above, it is shown that any Hilbert function H in equation (Q) is not level when 
hd < d + 1. In Section |2 we prove that any Hilbert function H with codimension 3 in equation ^ 
is not level when hd < 2d + 2 (see Theorem 12 .6|) . This provides an answer to Question 11.11 when 
hd < 2d + 2 (see Corollary I2.9j) . Finally, in Section |21 we find the degree of the socle elements of a 
graded Artinian algebra of codimension 3 with Hilbert function 

H : ho hi ■ ■ ■ hd-i hd ■ ■ ■ hd hd+ s , 

v ' 

s-times 

where hd < hd+ s an d s > 2. We prove that some graded algebra with Hilbert function H is not 
level and has a socle element in degree d + s — 2 (see Theorem 13. 4[) . 
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2. Some Non-Level O-sequences of Codimension 3 
In UJ, we got an answer to Question 11.11 with the condition hd < d + 1 as follows. 

Proposition 2.1 (Proposition 2.21, 6 ). Let h = (1, n, /12, • • ■ , /t s ) be the h-vector of an Artinian 
algebra with socle degree s. Then h is not a level sequence if hd = hd+\ < d + 1 and h^-i > hd- 

We shall expand the above proposition to a case hd < 2d + 2 with codimension 3. 
Let R = k[xi, . . . , x n ] and j4 = R/I where I is a homogeneous ideal of having height n. Then 
A has the minimal free resolution J 7 , as an i?-module, of the form: 

-> .F„_i ••• ^J^i^^o^-R^^^O 

where ^ = ©Jlj JS^+ 1 + t (— (j + 1 + £)) are each free graded i2-modules. In [S], Eliahou and 
Kervaire studied minimal free resolutions of certain monomial ideals. We recall some of their 
notations and results here. 

Definition 2.2. Let T G R = k[x±, . . . , x n ] be a term of R. Then 

m{T) := max{i | Xi divides T}. 
In other words, m(T) is the largest index of an indeterminate that divides T. 

Theorem 2.3 (Eliahou-Kervaire, [S]). Let I be a stable monomial ideal of R (e.g., a lex segment 
ideal). Denote by Q{I)d the elements of that set which have degree d. Then 



TEG(I)i- q 

This beautiful theorem gives all the graded Betti numbers of the lex segment ideal just from an 
intimate knowledge of the generators of that ideal. Since the minimal free resolution of the ideal 
of a ^-configuration in P n is extremal (0, JJ), we may apply this result to those ideals. It is an 
immediate consequence of the Eliahou-Kervaire theorem that if I is either a lex-segment ideal or 
the ideal of a ^-configuration in P n which has no generators of degree d, then (5 qi i = whenever 
i — q = d. 

By the result of ^1] , the only way we can cancel graded Betti numbers is if there are the same 
graded Betti numbers in the adjacent free modules of the extremal minimal free resolution. Note 
that it is quite obvious for a case of n = 3. 

The following lemma is a simple consequence of a lex segment ideal, so we shall omit the proof 
here. 



Lemma 2.4. Let I be the lex-segment ideal in R = k[xi, X2, x%] with Hilbert function H 
(ho, h\, . . . , h s ) where hd = d + i and 1 < i < d . Then the last monomial of Id is 



«x< i 2 3 ? 
2 (2d-l)-i 



1^2 



/or 1 < i < <i, 

for d+l < i < 2d -I, 



• d 2 + d~i d 2 +d-2 

H — 1 * o o 
x l x 2 x 3 

,,(/ 



for <l+p± < i < ^!+^2, 



2 



for u - —J 

We need the following proposition to prove the main Theorem 12. 61 



Proposition 2.5. Ze£ i? = /c[xi, X2, £3] and let H = (ho, hi, ... , h s ) be the h-vector of an Artinian 
algebra with socle degree s and 



hd = h d +i = d + i, h d -i > h d , and j := h 



d-i 



h rl 



fori = 1,2,... , 4-±i. Then, for every 1 < k < d and 1 < £ < d, 



fll,d+2 — < 



2k -1, for (k-l)d 



k(k-3) 



2k, 



< i < 



l) d _M*£3l + (jfc-l), 



for (k-l)d-*^ + k<i<kd-y^f£. 



0: 



2,d+2 



j + I, for {£ - l)d - ( ^ 2)( ^ 1} < i < id 



2 ^ " — ~™ 2 • 

Proof. Since we assume hd = d + i, the monomials not in Id are the last d + i monomials of Rd- By 
Lemma 12.41 the last monomial of Rild is 



1 " j 2 3 ' 
2 i— (d+l) „2d— i 



1+2 



3 ' 



for i = 1, . . . , d, 

for i = d+l,...,2d-l, 



x l x 2 



+d-4 d+d 
2 „, 2 



f„ r ,■ _ d 2 +d-4 d 2 +d-2 
lui t — 2 ' 2 ' 



for 2 



d 2 +d 

2 • 



In what follows, the first monomial of Id+x — R\Id is 



x 



d+l 
2 > 



(2) 



i~2 (d+2)-i 
X 1 X 2 j 



2q ^2^3, 

r d-l„2 
x l x 2' 



for i = 1, 

for i = 2, . . . , d, 

for i = <i±d=l, 

for i = 



Note that 

(d + i) <d> = (d + i) + k, for i = (k-l)d-^^,...,kd-^ T ^, 

(3) 

and fc = 1, . . . , d. 

We now calculate the Betti number 



Based on equation Pj). we shall find this Betti number of two cases for i as follows. 

Case 1-1. i = (k-l)d- and fc = 1,2, ... ,d. 

Then, by equation (j3J), Id+i has ^-generators, which are 

fc_l (d+2)-fc fc-l (d+l)-fc fc-l (d+3)-2fc fc_i 

1 2 ' 1 2 Uyjj...^-^-^ 2 3 

By the similar argument, for i = (k — l)d — k ( k ~ 3 ^ -\- 1 } . . . ( (k — 1)^ — fc ( fc ~ 3 ) -\- [k — 1), J d+1 
has /c-generators including the element a^ -1 :*;^ fc . Hence we have that 

/W = E ~ X ) = 2 x (fc - 1) + 1 = 2k - 1. 

Case 1-2. i = (k-l)d- + jfe = (jfe - l)d - . . . , kd - and fc = 1, 2, . . . , d. 

Then, by equation (j3J), Id+i has ^-generators, which are 

1 2 3 ' " " " ' ^ 2 3 " 

Hence we have that 

'm(T) - 1 



Teff(/) d+ i ^ " ' 



Now we move on the Betti number: 



P24+2 = E ( m ^2 X ) 



re6(/) d 

Recall hd = d -\- i and j := /i<f_i — /id- The calculation in this case is much more complicated, and 
there are four cases based on i and j. 

Case 2-1. {I - l)d - (t^L^L < j < ^ _ and € = 1, 2, . . . , d. 

Then the last monomial of Id is 



, i_(/_i)tffi^a id-^i-i 

x l x 2 x 3 



(a) (jfe - l)d - i*^* < i + j < fed - ^±12 an d jfe = + 1, . . . ,d. 

Then the first monomial of — R\Id-\ is 

, ( i+j )-(( fc -i) d -(tH^±l)) ( M _(ti^±H))_(, +j) 
- t l x 2 x 3 ' 

and hence we have (j + fc)-generators in Id as follows: 

x l x 2 x 3 ' • • • i x l x 3 > 

(fc-1) d-(fc-l) (fc-1) (d-l)-(fc-l) (fc-1) d-(fc-l) 

1 2 ? 1 2 "ko?***?*"! 3 i 



Z+iJd-iye e+i (d-2)-e e+i u-i)-e 

J \ x 2 ' x l x 2 X3,...,x 1 x 3 



x l x 2 ' • • • ' x l x 2 x 3 



^ »— t«— ija-r-'-j — - «a— - — j 

^2 ' • • • ' ^ 

and thus 



<w = E ( mP 2- 1 )-i + «. 

Teg(/) d V 7 
(b) i + j = (jfe - l)d - and jfe = £ + 1, . . . , d. 

Then the first monomial of Id — R\I d -\ is 

fc_i d-(fc-i) 

x l x 2 ' 

and hence we have (j + fc)-generators in Id as follows: 

fc-i d-(fc-i) fc-i (d-i)-(fe-i) fc-i d-(fc-i) 

2 ' ]_ 2 o? * * * ) ]_ 3 ' 



-M-lJd-lM -M-l-Cd-a)-* _M-1_(<*-1)- 



Jj l dj 2 ' • • • ' x l x 2 



2 „, 2 



and thus 



<w = E f m<1 2" ')=•*+<■ 



Teg(/) d 

Case 2-2. i = - and £ = 1, 2, . . . , d. 

Then the last monomial of Id is 



x l x 2 



(a) (jfe - l)d - < i + j < kd - ^±!2 and fc = ^ + 1, . . . , d. 

Then the first monomial of Id — R\Id-i is 

, { i +j) -( {k -i )d -(t=m±ii) ( M - (*=i^±g) )- (i+J -) 

x l x 2 x 3 ' 



and hence we have (j + /c)-generators in Id as follows: 



k (Hi)-((fc-i)d- ^- 2 y +1) ) (w- 



(fc "T +2) )-«+i) 



&; e£ k 
) • • • ; ^1 ^3 ; 



(fc-i) d-(fe-i) jfc-i) (d-i)-(fe-i) (fe-i) d-(fe-i) 

J l x 2 ' x l x 2 x 3j---) x i x 3 > 



1 2 ' 1 2 ** y o)***5 ]_ 3 



l x 2 ' 



and thus 

ree(/)d V 7 
(b) i + j = (fc - l)d - and k = t + 1, . . . , d. 

Then the first monomial of Id — Rild-i is 

(fc-i) d-(fc-i) 

x l x 2 ' 

and hence we have (j + /c)-generators in Id as follows: 



(fe-1) d-(k-l) (fc-lj (d-l)-(fc-l) 



37 1 X 



I x 2 j 2 -! x 2 



(fe-l) d-(fc-l) 



X3, . . . , x 1 X3 



T e+ijd-i)-e jt+iJd-2)-i i+i (d-i)-e 

1 2 ' 1 2 i^3;***; ti ']^ 3 



l x 2 ' 



and thus 



a,«= E ( m(r 2 )_1 )= J + 

Tee?(/) d V J 

as we wished. 

Now we are ready to prove the main theorem in this section. 



□ 



Theorem 2.6. Let H and j be as in Proposition \2.,5l Then for every —{d — 1) < i < d + 2, H is 
not level. 



Proof. By Proposition l2.il this theorem holds for —(d— 1) < i < 1. It suffices to prove this theorem 

for 2 < i < d + 2. By Proposition 12.51 we have that 
( 



(4) /? M +2 = 4 



2, for i = 2, . . . ,d, 

3, for i = d+l,d + 2, 



and Am+2 = < 



j + 1, for i = 2, . . . ,d, 
j + 2, for i = d+l,d + 2. 



Hence if j > 2, then H is not level since fa d+2 > fa d+2- It is enough, therefore, to show the case 



First, assume i = 2, 3, . . . , d. Then, by equation (J3J), we have ,91^+2 = P24+2 = 2. Moreover, we 
see that hd-i =d+i+j=d+i+l and hd = hd+i = d + i. 

Now suppose A = R/I, R = k[xi, X2, x$], is a level algebra with h- vector (ho, hi,... , hj-i, hd, 
hd+i) where hd = hd+i and the ideal / has hf^ = (d + i)^ d+l ^ = (d + i + l)-generators in degree 
d + 2. Let J = (I<d+i)- Then the Hilbert function of R/ J begins 

d-th (d+l)-st (<Z+2)-nd 

/i , hi, . . . , hd-i, d + i, d + i ,d + i + l, — 

Note that d + i— 1, d + i, d + i + 1 in degrees d, d + 1, d + 2 have the maximal growth, and so, by 
Theorem 3.4 in [H], it!/ J has one dimensional socle element in degree d. Since R/J and R/I agree 
in degree < d+1, R/I has such a socle element. It follows that in order for R/I to be level, / 
must have at most (d + z)-generators in degree d + 2. Then both copies R(—(d + 2)) of the last free 
module of the minimal free resolution of R/I cannot be canceled. Therefore, the Hilbert function 
H cannot be level. 

Second, assume i = d+1. By equation @, we have 0i t d+2 = = 3. 

Suppose the ideal I has hf^ = (2d + = (2d + 2)-generators in degree d + 2 and let 

J = (I<d+i)- Then the Hilbert function of R/J begins 

d-th (d+l)-st (d+2)-nd 

ha,hi,..., h d -i,2d + 1, 2d + 1, 2d + 2 , . . . . 

Note also that 2d, 2d + 1, 2d + 2 in degrees d,d+ 1, d + 2 have the maximal growth. Therefore, by 
Theorem 3.4 in jSj again, R/J has one dimensional socle element in degree d, so does R/I by the 
same argument as above. Thus three copies R(—(d + 2)) of the last free module of the minimal free 
resolution of R/I cannot be canceled. Therefore, the Hilbert function H cannot be level. 

Finally, assume i = d + 2. By the similar argument to the case i = d + 1, H is not level either, 
as we wished. □ 

Theorem 12.61 shows that Question ll.2l is true if hd < 2d + 2. The following example shows a case 
j = 1 and i = d+2 (hd = 2d + 2) of this theorem. 

Example 2.7. Let I be the lex-segment ideal in R = k[xi, x%, #3] with Hilbert function 

H : 1 3 6 10 15 21 17 16 16 -> . 

Note that hj = 16 = 2 x 7 + 2 = 2d + 2, which satisfies the condition in Theorem 12.61 and 

j = he — hy = 17 — 16 = 1. Hence any Artinian ring with Hilbert function H cannot be level. 
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We now give another example for i = d + 3 (hd = 2d + 3) which does not satisfy the condition 
in Theorem 12.61 

Example 2.8. Let I be the lex-segment ideal of R with Hilbert function 

H : 1 3 6 10 15 21 18 17 17 -» . 

Note that /i 7 = 17 = 2x7 + 3 = 2d + 3 and j = 18 - 17 = 1. Hence, by Proposition we 
have Pi jC i+2 = 4 and P24+2 = 3, that is, > ^24+2- This means that we cannot say if Hilbert 

function H is level only based on shifts and Betti numbers. In other words, for i < d + 2 (or 
hd < 2d + 2), we can decide if H is not level using shifts and Betti numbers. 

We now pass to Question 11.11 and the following corollary answers to this question for i < d + 2 
(or h d <2d + 2). 

Corollary 2.9. Let H = {/ij}j>o be an O-sequence with hi = 3. If 

hd-i > h d , h d <2d + 2, and h d+ \ > h d 
for some degree d, then H is not level. 

Proof. Note that, by the proof of Theorem 12.61 any graded ring with Hilbert function 

H' : h Q hi ■■■ h d ~i h d h d -> 

has a socle element in degree d — 1. 

Now let A = © i>0 Ai be a graded ring with Hilbert function H. If ^4^+1 = (ft, fa, ■ ■ ■ , fh d+1 ) 
and / = (//j d+ i, . . . , fh d+1 ) (Bj>d+2 A?' then a graded ring B = A/ 1 has Hilbert function 

ho hi ■ ■ ■ hd-i hd hd, 

and hence B has a socle element in degree d — 1 by Theorem 12.61 Since Ai = Bi for every i < d, A 
also has the same socle element in degree d — 1 as B, and thus H is not level as we wished. □ 

Example 2.10. Consider an O-sequence 

H : 1 3 6 10 14 18 17 16 h 8 ■ ■ ■ . 

Then, there are only 3 possible O-seuences such that hs > hj = 16 since h 8 < 4 7> = 16< 7 > = 18. 
By Theorem 12.61 H is not level if h$ = hj = 16. The other two non-unimodal O-sequences, by 
Corollary 

1 3 6 10 14 18 17 16 17 ••• and 

1 3 6 10 14 18 17 16 18 - 
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cannot be level. 

3. Degree of The Socle Elements of Graded Artinian Algebras 

In this section, we are interested in another non- level O-sequences of codimension 3: 

(d+s~ l)-st 

I 5 ) H : ho hi ■ ■ ■ h d -x h d ■ ■ ■ h d h d+s 

where s > 2 and h d < h d+s . In particular, we shall prove that some graded algebra with Hilbert 
function H of codimension 3 in equation © has a socle element in degree d + s — 2, and hence 
cannot be level. 

First, we recall the definitions of type vectors and ^-configurations in P n . 

Definition 3.1 (n-type vectors, Definition 2.1, [7]). 1) AO-type vector will be defined to be 
T = 1. It is the only 0-type vector. We shall define ct(7~) = —1 and cr(T) = 1. 

2) A 1-type vector is a vector of the form T = (d) where d > 1 is a positive integer. For such 
a vector we define a(T) = d = o~(T). 

3) A 2-type vector, T, is 

T=({d 1 ),(d 2 ),...,(d m )) 

where m > 1, the (cZj) are 1-type vectors. We also insist that a(di) = di < a(di+%) = c^+i- 
For such a T we define a(T) = m and cr(T) = <r((d m )) = d m . 

Clearly, a(T) < o~(T) with equality if and only if T = ((1), (2), . . . , (m)). For simplicity in the 
notation we usually rewrite the 2-type vector {(d±), . . . , (d m )) as (d%, . . . , d m ) . 

4) Now let n > 3. An n-type vector, T, is an ordered collection of (n — l)-type vectors, 
Ti,...,T s , i.e. 

T=(T 1 ,...,T S ) 
for which &(%) < a(7^+i) for i = 1, . . . , s — 1. 
For such a T we define a(T) = s and <t(T) = a{T s ). 



Definition 3.2 (^-configuration in P™, Definition 4.1, [7j). 

<So: The only element in <So is H := 1 — It is the Hilbert function of P°, which is a single 

point. That is the only ^-configuration in P . 
5i: Let H G <Si. Then = T = (e) where e > 1. We associate to H any set of e distinct 

points in P 1 . Clearly any set of e distinct points in P 1 has Hilbert function H. 

A set of e distinct points in P 1 will be called a k- configuration in P 1 of type T = (e). 

n 



<S2: Let H 6 52 and let T = ((ei), . . . , (e r )) = X2(H), where % = (ej) is a 1-type vector. Choose 
r distinct P^s in P 2 i.e. lines in P 2 , and label them Li, . . . ,L r . By induction we choose, 
on Lj, a k- configuration in P , call it Xj, of type % = (ej) - each k- configuration chosen so 
that no point of Lj contains any point of Xj for j < i. 

The set X = (J Xj is called a k- configuration in P 2 of type T. 
S n , (n > 2): Now suppose that we have defined a k- configuration of Type T £ P n_1 , where T 
is an (n — l)-type vector associated to G £ S n -\. 

Let H € S n and suppose that Xn(H) = T = (T\, . . . ,%) where the 7j are (n — l)-type 
vectors. Then /3 n _i(7j) = Hj and Hj € cS n _i. 

Consider Hi, . . . ,H r distinct hyperplanes in P n and let Xj be a k- configuration in Hj of 
type 7j such that Hj does not contain any point of Xj for any j < i. 

The set X = (J Xj is called a k- configuration in P n of type T. 

Now we shall introduce some non-level O-sequences based on type vectors. 

Remark 3.3. (a) Let X be a /c-configuration in P 2 of type T = (d±, . . . , d a ) with di+i — d% > 3 
for some i = 1, . . . , a — 1. Since X is a /c-configuration in P 2 of type T = (d\, . . . , d a ), we 
have the minimal free resolution of R/Ix is 

-> #(-(di + a)) • • • © jR(-(di + a - i + 1)) © • ■ ■ © R(-(d a + 1)) 

fl(-a) © R(-(di + a - 1)) © • • • © R(-(di + a - i)) © • • • © R(-d a ) 
^R^R/I X ^ 

by Theorem 2.6 in ^U]. Since dj + i — dj > 3, we have that di + a — i + 1 < di + \ + a — (i + 1) , 
which means that R(—(di + a — i + 1)) of the last free module cannot be canceled. Hence 
the Hilbert function Hx is not level, 
(b) Let X be a fc-configuration in P 3 of type T = (71, . . . , T a ) and let ^"x be the minimal free 
resolution of the coordinate ring of X. If either % is the 2-type vector as in this remark 
(a) or cr(7j) + 2 < a(7j + i) for some i = 1, . . . , a — 1, then the Hilbert function Hx is not 
level. To show this, we shall use the same notation as in Theorem 3.2, If % is a 2-type 
vector as in (a) for some i, then Hx is obviously not level by the same idea as in (a). Now 
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assume that cr(%) + 2 < a(% + i). Then we have 

Ei + 2 + dia(Ti) = &{%) - i + a + 2 + - a(%) 
= cr{Tj) — i + a + 2, and 
ei+i + 1 = aCZJ+i) - (* + 1) +a+ 1 
= a(7i + i)-i + a- 

Since a{%)+2 < a(% + i), we see that £i+2+ci iQ ,(7-.) < £j + i+l, and hence R(—(£i+2+d ia (q-.})) 
in the last free module of .Fx cannot be calceled, that is, the Hilbert function Hx is not 
level. 

(c) Let T = (Ti, . . . , T a ) be the 3-type vector with % = (da, . . . , d^iq-A) for every i. If a{%) = 
a(%-i) + 1 and dn > 3 for some i, then the Hilbert function of a ^-configuration X in P 3 
of type T is not level. To show this, we shall use the same notation as in Theorem 3.2, 
again. Then we have 

£;_! + 2 + di-la{Ti-i) = "C^-l) ~ (« ~ 1) + « + 2 + di-la.(7i_i) - a(7^_i) 

= ^i-ia(^-i) + a - ^ + 3, and 
e< + l = a(Ti) + a - i + 1. 

Since = a-(7^_i) + 1 = di_ la ( T . ^ + 1, we see that £j + 1 < £,_i + 2 + ^-^(r^x)- 

Moreover, we have 

£i + 1 + d~n = a(Ti) + a — i + l + da — l 
= a(Ti) + a - i + dn 
> d~ 

-la(Ti_i) + a ~ i + 3 
= +2 + di_l Q ,(-zr_ 1 ). 

In other words, 

e» + 1 < £i_i + 2 + di-ia^x) < £i + 1 + da, 

and hence R(— (£i-i + 2 + dj-i Q -(7- i _ 1 ))) m the last free module of Fx cannot be canceled, 
that is, the Hilbert function Hx is not level. 

Now we are ready to discuss about the degree of the socle elements of some Artinian algebra 
with Hilbert function H in equation J5J). 

Theorem 3.4. Let H be as in equation (J5J) and T = (7{, . . . , T a ) be the 3-type vector corresponding 
to the Hilbert function whose first difference is H. If = ■ ■ ■ = /i^+s-i = d + s + (i — 1) and 
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hd+s = d + s + i where 1 < i < a^T a -i)> then 



T a = (1,2, ... ,d + s,d + s + 1), 



a-l 



(...,d+s-2), fori = l, 

(. .. ,d+ s - (i + l),d + s - (i- 2),... ,d+ s), for % = 2, ... ,a(7^_i; 



In particular, the O-sequence H zs no^ /euel and any Artinian graded algebra with Hilbert function 
H aas a soc/e element in degree d + s — 2. 



Proof. It suffices to prove this theorem for i = 1 and 2, respectively, since we can use the same 
argument for the rest of the cases i > 3 as for i = 2. 



Case 1. If i = 1, that is, /i^ 
following equation, 



/irf +s _i = d + s and = d + s + 1, then from the 



H 



ho hi h 2 
12 3 



(d+s-2)-nd (d+s-l)-st 

hd hd hd+s 

d+s-1 d+s d+s+1 



1 a 
1 



where 1 < a < 3, we have that 

T Q = (1,2,3,... ,d + s,d + s + 1) 
T Q _! = (...,d + s-2). 

In what follows 

cn(T Q ) = d + s + l = (d + s-2) + 3 = o-(T a _ 2 ) + 3 > (r(T a _i) + 2, 

and hence, by Remark 13.31 (b). H is not level. 

Recall that J-% is the minimal free resolution of a coordinate ring R/1% of a /c-configuration 
X in P 3 with Hilbert function G such that AG = H and we shall use the same notation as 
in Theorem 3.2 in for the rest of the proof. Since the non-cancelable shift of the last 
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free module of Tx is 

e a _i + 2 + d a _i a (^_ 1 ) 
= [a(T a _i) - (a - 1) + a] + 2 + d a _i Q ,( Ta _ 1 ) - a(T Q _i) 

= da-la(Ta-i) + 3 

= (d + s -2) + 3, 

any algebra with Hilbert function H has a socle element in degree d + s — 2. 

Case If i = 2, that is, hd = • • • = hd+ s -i = d + s + 1 and hd+ s = d + s + 2, then from the 

following equation 

(d+s— l)-th 

H : /lo hi /t2 • • • ^d+s 

1 2 3 ••• d + s-1 d + s d + s + l 

1 a ■■■ 2 1 1 

1 2 ■•• 2 1 1 



where 2 < a < 3, we have that 

T a = (l,2,3,...,d + s,d + a + l) 
T a -\ = (•••,d+s — 3, d + s). 

Since the difference of the last two 2-type vectors of T a -\ is 3, by Remark 13,31 (a), any 
Artinian algebra with Hilbert function H is not level. Furthermore, the non-cancelable 
shift of the last free module of J-% is 

+ 2 + d Q -i( Q (r Q _ 1 )-i) 
= [a(7^_i) - (a - 1) + a] + 2 + d Q! -i( a (T a _ 1 )- 1 ) ~ ( a (^-i) ~ l ) 

= d a -l(a(2i_i)-l) + 4 

= (d + s -2) + 3, 

and thus any Artinian algebra with Hilbert function H has a socle element in degree d+s — 2. 
By continuing this process for 3 < i < a(T a -i), we complete the proof, as we wished. □ 

Remark 3.5. Using the same argument as in the proof of Corollary 12.91 Theorem 13.41 holds when 
h d+s > h d , in general. 

Example 3.6. Consider an O-sequence H:1368999 10- Then d = 4 and s = 3, 
and so hd+ s = 10 = 7 + 3, that is, i = 3. Note that a(7i) = 4. Applying Theorem 13.41 to this 
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case, we conclude any graded Artinian algebra with Hilbert function H is not level and has a socle 
element in degree d + s — 2 = 5. 
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